Chiral/self-dual restrictions of various super Yang-Mills and supergravity theories in (2,2) dimensions are described. These include the N=1 supergravity with a cosmological term and the N=1 new minimal supergravity theory. In the latter case, a self-duality condition on a torsionful Riemann curvature is possible, and it implies the equations of motion that follow from an R 2 type supergravity action.
1. Self-dual Yang-Mills and self-dual gravity equations in (2, 2) dimensions are known to arise in open and closed N=2 string theories [1] , i.e. string theories with local N=2 worldsheet supersymmetry. Recently, it has been shown that N=2 open string actually describes a self-dual super Yang-Mills theory, while the N=2 closed string describes self-dual N=8 supergravity theory and the heterotic N=2 closed string describes gauged N=8 supergravity theory in (2,2) dimensions [2] . These interesting developments motivate further study of various self-dual supersymmetric field theories in (2,2) dimensions.
Another motivation for studying the self-dual systems in (2,2) dimensions is their connection with a large class of integrable systems in (1,1) dimensions [3] . For example, different types of dimensional reductions of the (2,2) dimensional self-dual Yang-Mills theory yield a large class of integrable systems in (1,1) dimensions including the KdV equation, the nonlinear Schrodinger equations and Toda equations. One expects that even a larger class of integrable models are e mbedded in self-dual supersymmetric field theories. In fact, it has recently been shown that super KdV and super-Toda equations do arise from dimensional reductions of N=2 supersymmetric self-dual Yang-Mills system in (2,2) dimensions [4] .
In this note, we shall describe the algebraic structure of various self-dual supersymmetric field theories in (2,2) dimensions. We first describe their underlying superalgebras. Next, we discuss the chiral/self-dual restrictions of N=1,2,4 super Yang-Mills theories. Finally, we describe the chiral/self-dual restrictions of (i) N=1 supergravity (ii) new minimal N=1 supergravity and (iii) N=1 supergravity with a cosmological constant in (2,2) dimensions. In the second case, we find a self-duality condition on a torsionful Riemann curvature which implies the equations of motion that follow from an R 2 type action [5] . In the last case, surprisingly, it turns out that (a) the self-duality conditions on the Riemann tensor and the gravitino curvature are precisely those of self-dual N=1 supergravity without a cosmological constant, and (b) in the chiral truncation of the supersymmetry transformation rules of anti de Sitter supergravity, the cosmological constant parameter survives. Thus, the usual selfdual supergravity equations seem to be invariant under a one parameter extension of the super-Poincaré group which is a particular contraction of the anti de Sitter Poincaré algebra in (2,2) dimensions. A similar phenomenon has been descibred in the context of gauged N=8 supergravity in [2] . both cases, there exist real Majorana-Weyl spinors. Thus, it is useful to consider the (2,2), (3, 3) , (5, 5) and (9,1) dimensions, where real Majorana-Weyl spinors and simple Yang-Mills supermultiplets exist.
In (2,2) dimensions, we adopt the following conventions. The spacetime signature is (−−++), the charge conjugation matrix is C = γ 12 ,
, and (γ µ C) T = −ηγ µ C, where η = ±1. Without loss of generality, we shall set η = 1. The extended Poincaré algebra consists of Poincaré generators and supercharges Q i ± , i = 1, ..., N which obey the anticommutation rules
where λ ij can be chosen to be either the SO(n, N − n) invariant symmetric tensor η ij or the Sp(n, N − n) invariant antisymmetric tensor Ω ij . These are the automorphism groups of the algebra, and the supercharges transform in their defining representations.
In (3,3) dimensions, we adopt the following conventions: The spacetime signature is (−− − + ++), the charge conjugation matrix is
Without loss of generality, we shall set η = 1. The supercharges Q i + , i = 1, ..., M and Q a − , a = 1, ..., N obey the anticommutation rules
where Ω ij and Ω ab are the invariant tensors of the automorphism group Sp(m, M − m) × Sp(n, N − n).
Finally, in (5,5) dimensions, we adopt the following conventions. The spacetime signature is (− − − − − + + + ++), the charge conjugation matrix is
and (γ µνρσ C) T = −ηγ µνρσ C, where η = ±1. Again, without loss of generality, we shall set η = 1. The supercharges Q i + , i = 1, ..., M and Q a − , a = 1, ..., N obey the anticommutation rules
where η ij and η ab are the invariant tensors of the automorphism group SO(m, M − m) × SO(n, N − n). The properties of the Dirac matrices and the form of the extended Poincaré algebra in (9, 1) dimensions is the same as in the (5, 5) dimensions described above.
3.
We now turn to the description of self-dual super Yang-Mills theories in (2, 2) dimensions. It can easily obtained by a Wick rotation of the super Yang-Mills theory in (3, 1) dimensions. The model contains the gauge field A µ and its fermionic parners λ ± , which are now independent real Majorana-Weyl spinors. The self-dual version of the theory is obtained by setting λ + = 0 [7] . The resulting transformation rules are
Note that both supersymmetry parameters ǫ ± are present. The closure of these transformations then requires the conditions
where D µ is the gauge covariant derivative. These equations transform into each other under the supersymmetry transformations:
As to be expected, the N=1 self-dual super Yang-Mills equations (5) are also invariant the transformations of the superconformal group SL(4|1) whose bosonic subgroup is SL(4, R)(≈ SO(3, 3)) × SO(1, 1). The superconformal transformations are given by (4) and
where η ± are the special conformal supersymmetry parameters, α, β are the parameters of dilatations and SO(1,1) transformations, respectively, and ξ µ represent the spacetime conformal transformations given by
Here a µ , ω µν and η µ are the constant parameters of translations, Lorentz rotations and conformal boosts, respectively.
4.
The on-shell N=2 super Yang-Mills multiplet in (2,2) dimensions contains the fields (A µ , λ i ± , S, φ) where i = 1, 2 and S, φ are two real scalars, all taking their values in the adjoint representation of some Lie algebra. It is easiest to obtain the transformation rules for this multiplet from (3,3) dimensions by ordinary dimensional reduction. The simple super Yang-Mills multiplet transformation rules in (3, 3) 
where Γ 7 χ = −χ and Γ 7 η = −η. Let us choose the Dirac matrices as
Performing a straigtforward dimensional reduction in which we take all the fields to be independent of the two internal coordinates and defining φ ≡ 
where
. To obtain the self-dual version, we impose the conditions [8] 
Using the notation,
The closure of the algebra modulo a set of equations of motions that transform into each other under superymmetry requires the following set of equations [8] 
where the commutator is in the space of the Lie algebra generators. The last equation is easily seen to follow from the supersymmetric variation of the second equation. One application of these equations has already been considered in [4] where it has been an appropriate dimensional reduction of these equations to (1,1) dimensions yields the super KdV equations.
5.
We now consider the case of N=4 super Yang-Mills theory. While it can be formulated in (2,2) dimensions, it does not admit a simple self-dual truncation of the kind discussed above. 
where Γ 11 λ = −λ and Γ 11 ǫ = −ǫ. Let us choose the Dirac matrices as Γ µ = γ µ × 1 (µ = 1, 2, 9, 10) and Γ i = γ 5 × γ i (i = 3, ..., 8) . As usual, setting ∂ i = 0, we obtain the N=4 super Yang-Mills transformation rules
where ǫ and λ carry the spinor indices of the Lorentz group SO(2,2) as well as the spinor indices of the internal symetry group SO(3,3),ǭ = ǫ T C 4 C 6 with C 4 = γ 12 , C 6 = γ 345 , A i ≡ φ i , γ 5 ǫ ± = ±ǫ ± and γ 7 ǫ ± = ∓ǫ ± . Now it can be seen that λ + can not be consistently set equal to zero in order to arrive at the self-duality equation and its super-partners. Unlike in the case of N=2 super Yang-Mills, here the second and third terms in the transformation rule of λ + can not be made to vanish by any condition on the scalar fields or the parameters ǫ ± in a way consistent with supersymmetry [2, 8] . A different kind of self-dual N=4 super Yang-Mills theory has been formulated in [2] , where it is also shown that it arises as the effective theory in the open N=2 superstring theory. In this version, one introduces an anti-self-dual Lagrange multiplier field whose equation of motion imposes the self-duality condition on the Yang-Mills curvature, and an anti-chiral spinor. The Lagrange multiplier field propagates, however, and consequently the number of helicities in the theory do not get halved.
6. We now turn to the description of two types of N=1 self-dual supergravity theories in (2,2) dimensions. One of them, which we call type I, can be obtained by chiral truncation of the simple supergravity in (2,2) dimensions. This truncation is very much like the one discussed above in the case of super Yang-Mills theory [7] . The remaining fields are (e a µ , ψ µ− ), the vierbein and the gravitino fields, respectively. The resulting field equations are R cd ab (ω(e)) − 1 2 ǫ cdef R ef ab (ω(e)) = 0,
where R cd ab is the Riemann curvature and ψ ab = e 
Closure of the algebra requires that the supersymmetry parameter ǫ + be covariantly constant, i.e. D µ (ω)ǫ + = 0. The integrability condition of this equation leads to the self-duality condition (15) for the Riemann curvature. For later convenience we record here the algebra of the transformations (16):
where the composite general coordinate , Lorenz and supersymmetry parameters are given by
In deriving this result, we have used the following formula for the supersymmetric variation of the spin connection: Going back to the self-duality equations (15), we note that there are no fermionic corrections to the one involving the Riemann tensor. Nonetheless one verifies that these equations do transform into each other under the supersymmetry transformations (16), thanks to the gravitino equation γ cab ψ ab− = 0 and its consequences γ ab ψ ab− = 0 and γ a ψ ab− = 0. The gravitino equation has to be satisfied by closure requirements. It can also seen as a consequence of the self-duality equations (15) taken together with the Bianchi identities for the curvatures. This is similar to the fact that the self-duality condition on the Yang-Mills field strength plus the Bianchi identity imply the ordinary Yang-Mills field equation. Notice also that one can derive the self-duality equation from the gravitino equation. To see this we multiply γ cab ψ ab− = 0 by γ d and use the equations γ ab ψ ab− = 0 and γ a ψ ab− = 0. Some other aspects of the self-duality condition (15) are also noteworthy. From (15) and the identity R [abc]d (ω(e)) = 0, it follows that the Ricci-tensor vanishes R ab (ω(e)) = 0. We also know that Ricci-flat self-dual metrics are Kahler. Therefore, it follows that self-dual metrics are Kahler. For such metrics, using complex coordinates labeled by i = 1, 2, one can express the Ricci tensor as R ij = ∂ i ∂jln detg ij , where g ij is the metric. In terms of a Kahler potential K, the metric can be written as g ij = ∂ i ∂jK. Therefore, the vanishing of the Ricci tensor means that det ∂ i ∂jK = 1. This can be written as a Poisson bracket as ǫ ij {∂ i K, ∂ j K} = 2, where the Poisson brackets of A and B is defined as {A, B} = ǫīj∂īA∂jB. This equation is clearly invariant under symplectic diffeomorphisms of the form δ∂ i K = {∂ i K, Λ} where Λ is an arbitrary function. Note that the metric is not invariant under this transformation, and consequently, from a given metric which satisfies the Ricci flatness condition, one obtains a one parameter family of metrics which also obey this condition.
7.
We now describe another type of N=1 self-dual supergravity theory, which we shall call type II, which can be obtained from the so-called new minimal formulation [9] of the offshell supergravity (adapted to (2,2) signature). The new minimal multiplet consists of the vierbein e µ a , the gravitini ψ µ± , the antisymmetric tensor field B µν and an SO(1,1) gauge field V µ . It is to define the combinations
where the supercovariant spin-connection ω µ ab (e, ψ) is defined as
with ψ µ = ψ µ+ + ψ µ− , and the supercovariant curvatures are
The derivative D µ on the supersymmetry parameters ǫ ± is given by
The N=1 type II self-dual supergravity system consists of the following equations [5] 
These equations transform into each other under the following local supersymmetry transformations
It is interesting to observe [5] that the last self-duality condition in (24) together with the Bianchi identity D [aFbc] 
which we recognize as one of the field equations that follow from the (2,2) version of the R 2 -type action constructed in [10] given by
where ψ µ = ψ µ+ + ψ µ− and the Ω − covariantization in the kinetic term of the gravitino curvature acts both on the spinor as well as the vector indices of ψ ab . By supersymmetry it then follows that the field equations for the remaining fields e µ a , ψ µ± and B µν must also be satisfied.
The N=2 and N=4 self-dual supergravity theories in (2,2) dimensions can also be obtained from their non-self-dual counterparts (which in turn can be obtained by a Wick rotation of their (3,1) versions) by chirality/self-duality restrictions [8, 2] . The case of N=8 supergravity, just as in the case of N=4 super Yang-Mills, turns out to be more subtle, and has been treated in [2] . 8. In [2] , it was found that a self-dual version of gauged N=8 supergravity arsies as an effective theory of closed N=2 superstrings. The relevant global superalgebra, in the case of non-self dual extended supergravity in (2,2) dimensions, is OSp(N|4), whose bosonic subalgebra is SO(3, 2) ⊕ SO(n, N − n). It can be obtained from the superconformal algebra SL(N|4), which has the bosonic subalgebra SO(3, 3) ⊕ SO(1, 1) ⊕ SL(N, R), by a suitable restriction. In the resulting algebra, the SO(3,2) generators can be decomposed with respect to the SO(2,2) subalgebra as (M µν , P µ ) and in addition to the obvious commutation rules one has
where η ij is the invariant tensor, and T ij are the generators, of SO(n, N − n), and M ± µν are the self-dual and anti-self dual pieces of the Lorentz generators.
The gauged N=8 supergravity in (2,2) dimension is rather complicated. Its self-dual restriction is in some ways similar to the case of N=4 super Yang-Mills theory, where propagating Lagrange multipliers are needed to impose the self-duality condition. An important property of gauged supergravities is that they contain a cosmological constant. While the cosmological constant is necessary in gauged supergravity theories, gauging is not necessary in order to introduce a cosmological constant. The simplest example in four dimensions is N=1 supergravity with cosmological constant [11] . It is instructive to consider the consequences of its Wick rotation to (2,2) dimensions and its chiral truncation. The transformation rules in (2,2) dimensions are
where m is an arbitrary mass parameter, andω µab equals ω(e) µab plus fermionic torsion which consists of bilinears in the gravitino field. The closure of this algebra requires the field equations that follow from the supergravity action plus a gravitino mass term and a cosmological constant term. In particular, γ µνρ ψ νρ− ∼ mγ µν ψ ν+ and γ µνρ ψ νρ+ ∼ mγ µν ψ ν− . Now let us consider the chiral truncation ψ + = 0. From (28) we get the condition D µ (ω(e))ǫ + + mγ µ ǫ − = 0, which determines ǫ − in terms of ǫ + . However, we run into a problem with the gravitino field equation: γ µν ψ ν− = 0, and hence ψ µ− = 0. Interestingly enough, there is another route one can take, which turns out to imply that the torsionfree self-dual N=1 supergravity equations actually admit a one parameter extension of the super Poincaré algebra as a symmetry algebra. To see this, let us consider the folowing transformations δe a µ =ǭ + γ a ψ µ− , δψ µ− = D µ (ω(e))ǫ − + mγ µ ǫ + .
Remarkably, these transformation rules do form a closed algebra provided that D µ (ω(e))ǫ + = 0 and the self-dual supergravity equations (15) are satisfied. The algebra of these transformation is
where the composite general coordinate, Lorenz and supersymmetry parameters are given by ξ µ =ǭ 2+ γ µ ǫ 1− − 1 ↔ 2 ,
One can check that δ ǫ 3 e a µ = 0 and that δ Λ ′ ψ µ− = δ Λ ψ µ− . We see that unlike in the case of the algebra (17), here even in the global limit we still have an (anti) self-dual Lorentz rotation. Noting that [δ ǫ , δ ξ ] = δ ǫ ′ and [δ ǫ , δ Λ ] = δ ǫ ′′ where ǫ ′ = −ξ µ ∂ µ ǫ and ǫ ′′ = − 1 4 Λ ab γ ab ǫ, we see that the global limit of the full algebra contains the generators (Q ± , M − µν , P µ ), obeying the algebra {Q + , Q + } = γ µν CM − µν , {Q + , Q − } = 
